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∆-OPEN SETS AND 𝜹-SEMI CLOSED SETS IN FUZZY
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The study of fuzzy topological spaces was introduced by Chang in 1968, following

the discovery of fuzzy sets by Zadeh. So far, several types of open sets and closed

sets in fuzzy topological spaces have been documented in the literature. Some of them

are fuzzy pre-open sets, fuzzy 𝛼-open sets, fuzzy 𝛽-open sets, fuzzy regular open sets,

and fuzzy semi-open sets. In this abstract, we describe two new types of sets, namely

fuzzy ∆-open sets and fuzzy 𝛿-semi-closed sets, and discuss the properties of these

sets. For a non-empty set 𝑋, a fuzzy topology is a family 𝜏 of fuzzy subsets in 𝑋
satisfying the following conditions: 0𝑋 , 1𝑋 ∈  𝜏 ; the finite intersection of members

of 𝜏 is a member of 𝜏; and the arbitrary union of members of 𝜏 is a member of 𝜏. We

call the pair (𝑋, 𝜏) a fuzzy topological space. Also, the elements of 𝜏 are called fuzzy

open sets. First, we define fuzzy ∆-open set in fuzzy topological spaces. A subset 𝐷
of a fuzzy topological space 𝑋 is called fuzzy ∆-open if 𝐷 = (𝐴 ∧ 𝐵𝐶) ∨ (𝐵 ∧ 𝐴𝐶),

where 𝐴 and 𝐵 are fuzzy open sets. When the set 𝐷 is called fuzzy semi ∆-open, the

above equation holds with the fuzzy semi-open sets 𝐴 and 𝐵. Similarly, we can define

the following sets: fuzzy pre ∆-open / fuzzy 𝛼-∆-open / fuzzy 𝛽-∆-open. Next, we

show that every fuzzy ∆-open set is fuzzy semi ∆-open. However, the converse need

not be true in general. Next, we define fuzzy 𝛿-open sets in fuzzy topological spaces.

A subset 𝐴 is called fuzzy 𝛿-open if for every 𝑥 ∈ 𝐴, there exists a regular open set

𝐺 such that 𝑥 ∈ 𝐺 ≤ 𝐴. A subset 𝐴 is called fuzzy 𝛿-semi closed if there exists a fuzzy

𝛿-closed set 𝐹 such that 𝑖𝑛𝑡(𝐹) ≤ 𝐴 ≤ 𝐹. Next, we show the following: A subset 𝐴
is called fuzzy 𝛿-semi open if and only if 𝑋\𝐴 is fuzzy 𝛿-semi closed; every fuzzy 𝛿-

closed set is fuzzy 𝛿-semi closed; every fuzzy 𝛿-semi closed set is fuzzy semi-closed;

a fuzzy set 𝐴 is fuzzy 𝛿-semi closed if and only if 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) ≤ 𝐴.  Finally, we show

that the intersection or union of two fuzzy 𝛿-semi closed sets is also fuzzy 𝛿-semi

closed.
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INTRODUCTION  

 

The concept of fuzzy topological spaces was first introduced by Chang [1] in 1968, 

after he was motivated by the discovery of fuzzy sets that were introduced by Zadeh 

[2]. Chang considered the essential notions of classical topology to fuzzy sets in the 

development of a new theory of fuzzy topology. Following that, several authors have 

expanded the study on fuzzy topology to new types of open sets, closed sets. Various 

types of open and closed sets in fuzzy topological spaces were already documented 

in the literature. Some of them are fuzzy pre-open sets, fuzzy 𝛼-open sets, fuzzy 𝛽-

open sets, fuzzy regular open sets, and fuzzy semi-open sets. 

In this paper, we study two new kinds of sets, namely 𝛥-open sets and 𝛿-semi closed 

sets, and obtain the properties of these sets. 

Now, we explain the concept of fuzzy sets. A fuzzy subset of a set 𝑋 is expressed as 

{(𝑥, 𝜇𝐴(𝑥)) ∶ 𝑥 ∈ 𝑋}, where 𝜇
𝐴

: 𝑋 ⟶ [0,1] is the membership function. Also, a fuzzy 

subset 𝐴 in 𝑋 is defined as a function from 𝐴 into the unit interval [0,1]. Moreover, 

two fuzzy subsets 𝐴 and 𝐵 in 𝑋 are compared as 𝐴 ≤ 𝐵 if and only if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) 

for all 𝑥 ∈ 𝑋. In addition, the membership function of the intersection of two fuzzy 

sets 𝐴 and 𝐵 is defined by 𝐴⋀𝐵 = 𝑚𝑖𝑛{𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}  for all 𝑥 ∈ 𝑋. Similarly, the 

membership function of the union of two fuzzy sets 𝐴 and 𝐵 is defined by 𝐴⋁𝐵 =

𝑚𝑎𝑥{𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}  for all 𝑥 ∈ 𝑋. 

A fuzzy subset 𝐴 in the set 𝑋 is empty if and only if its membership function is zero 

on 𝑋, and is denoted by 0𝑋 . Similarly, the set 𝑋 is a fuzzy subset of 𝑋 whose 

membership function is 1 on 𝑋, and is denoted by 1𝑋. Also, the complement of a fuzzy 

set 𝐴 in 𝑋 is denoted by 1 − 𝐴. 

For a non-empty set 𝑋, a fuzzy topology is a family 𝜏 of fuzzy subsets in 𝑋 satisfying 

the following conditions: 0𝑋  , 1𝑋 ∈ 𝜏; the finite intersection of members of 𝜏 is a 

member of 𝜏; and the arbitrary union of members of 𝜏 is a member of 𝜏. We call the 

pair (𝑋, 𝜏) a fuzzy topological space. Also, the elements of 𝜏 are called fuzzy open 

sets. Moreover, the complement of fuzzy open sets is fuzzy closed sets. 

 

 

METHODOLOGY 
 

In this section, we provide some useful definitions that are needed for this paper. 

Definition: Let (𝑋, 𝜏) be a fuzzy topological space, and 𝐴 be a fuzzy set. Then the set 

𝐴 is called fuzzy 𝛼-open if 𝐴 ≤ 𝑖𝑛𝑡 (𝑐𝑙(𝑖𝑛𝑡(𝐴))) ; fuzzy semi-open if 𝐴 ≤
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𝑐𝑙(𝑖𝑛𝑡(𝐴)); fuzzy pre-open if 𝐴 ≤ 𝑖𝑛𝑡(𝑐𝑙(𝐴)); fuzzy 𝛽-open if 𝐴 ≤ 𝑐𝑙(𝑖𝑛𝑡(𝑐𝑙(𝐴))); 

fuzzy regular-open if 𝐴 = 𝑖𝑛𝑡(𝑐𝑙(𝐴)). 

 

 

RESULTS AND DISCUSSION 

 

In this section, we provide our results related to 𝛥-open sets and 𝛿-semi closed sets 

in fuzzy topological spaces. A subset 𝐷 of a fuzzy topological space 𝑋 is called fuzzy 

𝛥-open if 𝐷 = (𝐴⋀𝐵𝐶)⋁(𝐵⋀𝐴𝐶), where 𝐴 and 𝐵 are fuzzy open sets. When the set 

𝐷 is called fuzzy semi 𝛥-open, the above equation holds with sets 𝐴 and 𝐵 that are 

fuzzy semi-open. Similarly, we can define the following sets: fuzzy pre 𝛥-open/ fuzzy 

𝛼 − 𝛥-open / fuzzy 𝛽 − 𝛥-open. 

For example, for the set 𝑋 = {𝐴, 𝐵, 𝐶}, we define two fuzzy sets 𝐴 = {< 𝐴, 0.1 >, <

𝐵, 0.5 >, < 𝐶, 0.3 >}, 𝐵 = {< 𝐴, 0.3 >, < 𝐵, 0.4 >, < 𝐶, 0.6 >}. Then, we can find 

two fuzzy semi open sets 𝐹 = {< 𝐴, 0.6 >, < 𝐵, 0.5 >, < 𝐶, 0.3 >} and 𝐸 =
{< 𝐴, 0.8 >, < 𝐵, 0.4 >, < 𝐶, 0.6 >}. Then, 𝐺 = {< 𝐴, 0.4 >, < 𝐵, 0.5 >, <

𝐶, 0.6 >} is fuzzy semi  𝛥-open set.  

Next, we show that every fuzzy 𝛥-open set is fuzzy semi 𝛥-open. Let 𝐺 be a fuzzy 𝛥-

open set. Then there exist two fuzzy open sets 𝐴, 𝐵 such that 𝐺 = (𝐴⋀𝐵𝑐)⋁(𝐵⋀𝐴𝑐). 

But every fuzzy open set is fuzzy semi-open. Then 𝐴 and 𝐵 are fuzzy semi-open sets. 

Then 𝐺 is fuzzy semi 𝛥-open sets. However, every fuzzy semi-𝛥-open set need not 

be fuzzy 𝛥-open. Because a fuzzy semi-open set is not a fuzzy open set. In this way, 

we obtain similar results. That is, every fuzzy 𝛥-open set is fuzzy 𝛽 − 𝛥-open, every 

fuzzy 𝛼 − 𝛥-open set is fuzzy 𝛽 − 𝛥-open, every fuzzy pre −𝛥-open set is fuzzy 𝛽 −

𝛥-open, every fuzzy semi-𝛥-open set is fuzzy 𝛽 − 𝛥-open. However, the converse of 

these results need not be true.  

Next, we discuss the fuzzy 𝛿-open sets in fuzzy topological spaces. A subset 𝐴 is 

called fuzzy 𝛿-open if for every 𝑥𝜀𝐴, there exists a regular open set 𝐺 such that 𝑥𝜀𝐺 ≤

𝐴. A subset 𝐴 is called fuzzy 𝛿-semi-open if there exists a fuzzy 𝛿-open set 𝑈 such 

that 𝑈 ≤ 𝐴 ≤ 𝑐𝑙(𝑈).  A subset 𝐴 is called fuzzy 𝛿-semi-closed if there exists a fuzzy 

𝛿-closed set 𝐹 such that int(𝐹) ≤ 𝐴 ≤ 𝐹.  

Now, we show that a subset 𝐴 is called fuzzy 𝛿-semi-open if and only if 𝑋\𝐴 is fuzzy 

𝛿-semi-closed. To prove this result, we pick a fuzzy 𝛿-semi-open set 𝐴. Then there 

exists a fuzzy 𝛿-open set 𝑈 such that 𝑈 ≤ 𝐴 ≤ 𝑐𝑙(𝑈). This implies that 𝑖𝑛𝑡(𝑈𝑐) ≤

𝐴 ≤ 𝑈𝑐 . Put 𝑈𝑐 = 𝑉. Then 𝑉 is a fuzzy 𝛿-closed set and 𝑖𝑛𝑡(𝑉) ≤ 𝑋\𝐴 ≤ 𝑉. Thus, 

𝑋\𝐴 is fuzzy 𝛿-semi-closed. Conversely, let 𝑋\𝐴 is fuzzy 𝛿-semi-closed. Then 

𝑖𝑛𝑡(𝐹) ≤ 𝑋\𝐴 ≤ 𝐹, for some fuzzy 𝛿-closed set 𝐹. This implies that 𝐹𝑐 ≤ 𝐴 ≤

𝑐𝑙(𝐹𝑐) and 𝐹𝑐 is fuzzy 𝛿-open set. Thus, 𝐴 is fuzzy 𝛿-semi-open. 

Next, we show that every fuzzy 𝛿-closed set is fuzzy 𝛿-semi closed. Pick a fuzzy 𝛿-

closed set 𝐴. Then 𝐴 = 𝛿𝑐𝑙(𝐴). But 𝑖𝑛𝑡(𝐴) = 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) ≤ 𝐴. Hence, 𝐴 is 𝛿-semi-

closed. Similarly, every fuzzy 𝛿-semi-closed set is fuzzy semi-closed. Next, we show 

that a fuzzy set 𝐴 is fuzzy 𝛿-semi-closed if and only if 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) ≤ 𝐴.   To prove 
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this, assume that 𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) ≤ 𝐴. Then there exists a fuzzy 𝛿-closed set 𝐹 = 𝛿𝑐𝑙(𝐴) 

such that 𝑖𝑛𝑡(𝐹) ≤ 𝐴 ≤ 𝐹. Thus, 𝐴 is fuzzy 𝛿-semi-closed. Conversely, let 𝐴 be fuzzy 

𝛿-semi-closed. Let 𝐺 be fuzzy 𝛿-closed set. Then 𝑖𝑛𝑡(𝐺) ≤ 𝐴 ≤ 𝐺. Thus, 

𝑖𝑛𝑡(𝛿𝑐𝑙(𝐴)) ≤ 𝐴. Finally, we show that the intersection of two fuzzy 𝛿-semi-closed 

sets is also fuzzy 𝛿-semi-closed. To show this, we pick two fuzzy 𝛿-semi-closed sets 

𝐴 and  𝐵. Then there exist fuzzy 𝛿-closed sets 𝑈 and  𝑉 such that 𝑖𝑛𝑡(𝑈) ≤ 𝐴 ≤ 𝑈 

and 𝑖𝑛𝑡(𝑉) ≤ 𝐵 ≤ 𝑉. Then 𝑖𝑛𝑡(𝑈) ∧ 𝑖𝑛𝑡(𝑉) = 𝑖𝑛𝑡(𝑈 ∧ 𝑉) ≤ 𝐴 ∧ 𝐵 ≤ 𝑈 ∧ 𝑉. Thus, 

𝐴 ∧ 𝐵 is fuzzy 𝛿-semi-closed set. Similarly, we can show that the union of two fuzzy 

𝛿-semi-closed sets is also fuzzy 𝛿-semi-closed. 

 

 

CONCLUSIONS/RECOMMENDATIONS 

 

In this paper, we have described new types of fuzzy open and closed sets in fuzzy 

topological spaces. We have explained different kinds of fuzzy 𝛥-open sets and some 

of their properties. Also, we have discussed fuzzy 𝛿-open sets and fuzzy 𝛿-semi-

open/closed sets and addressed some of their properties. 
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